This paper adapts the method of F. Riesz to the proof of certain general ergodic theorems for Abelian semi-groups of operators on a Banach space to itself. The main features of the method are that no measurability conditions are imposed on the semi-group under consideration and that consistent use of the second conjugate space and its compactness properties make it possible to replace the compactness conditions often imposed by a more natural restriction on the transforms of points. Theorem 1 and the various supplementary results include as special cases theorems of Lorch [10] , Dunford [7] , Yosida [15] , F. Riesz [12] , and Cohen [ó] . It overlaps the work of Alaoglu and Birkhoff [3] at those points where they consider Abelian cases; for example, Corollary 8 is a great generalization of their Theorem 5. Section 1 contains some introductory material on conjugate spaces and adjoint operations. Section 2 introduces bounded Abelian semi-groups of operators and near invariance of a system of set functions on such a semi-group ; this section also contains the principal theorem (Theorem 1) of the paper. The form of this theorem raises three questions ((A) to (C) at the beginning of §3). The answer to (A) shows, among other things, that every Abelian semi-group has a property much like "ergodicity" in the sense of Alaoglu and Birkhoff; Theorem 3 is the main result here. The answer to (B) again indicates the importance of reflexivity in theorems of this type; Corollary 8 is one example. Two special cases of (C) give a generalization of Dunford's theorem (Theorem 5) and a theorem on bounded Abelian semi-groups of projections (Theorem 6) which has not, so far as I know, been considered before.
1. Some properties of Banach spaces. If B is a Banach space(2), let B* be the set of all linear-that is, additive and continuous-real-valued functions on B. If, for ß in B*, \\ß\\ = supn¡,||gi \ß(b) \, then B* is also a Banach space. As is usual, the weak neighborhood topology in B is defined as follows: For each è0 in B the weak neighborhoods of bo are the sets of the form(3) {b | \ßi(b) -ßi(b0)\ <efor i = l, ■ ■ ■ ,k\ for every choice of e>0, k a positive integer, and ßi, ■ • ■ , ßk in B*. With this topology Tí is a linear topological M. M. DAY [March space (see Wehausen [12] ) and hence is a regular Hausdorff space in which addition of elements and multiplication by real numbers are continuous operations.
Since 73* is a Banach space, it has a weak topology defined just as in B; however, there is another topology in a conjugate space which cannot be defined in every space. This is the weak* topology in which the neighborhoods of a point ß0 in B* are the sets of the form {ß \ \ß(bi)-ßo(bi)\ <e for i = l, ■ • • , k] for all choices of e>0, k a positive integer, and bx, • • • , bk in B. Each weak* neighborhood of ßo is a weak neighborhood of ßo but the converse is not true unless B is reflexive. The importance of the weak* topology in this paper arises from Lemma 1. The unit sphere in B* is always compact^) in the weak* neighborhood topology.
This has been proved by Alaoglu [2], Kakutani [9] , and Smulian [13] .
If B is a Banach space, let B** be the space (73*)*. Then there is a natural imbedding of B in 73** which associates to each b in B the point b& in B** such that bb(ß) =ß(b) for every ß in B*. B is reflexive if B fills up B** under this imbedding.
For the rest of this paper B will be considered to be imbedded in this way in 73** whenever it seems convenient.
If T is a linear operator defined on B with values in B, let T*, the adjoint of T, be the operator on B* to 73* such that ß(Tb) = T*ß(b) for every ß in B* and b in B. Then: (i) ||r*||=||r||.
(2) (TxT2)* = TfTf so Tx* and T2* commute if Pi and T2 do. (3) If T** = (T*)*, then T** agrees with T in B ; that is, T**bb = bTb, since T**bb(ß) = bb(T*ß) = T*ß(b) =ß(Tb) = bTb(ß) for every ß in B*.
For brevity T will sometimes be used for P**. If Y is any set of elements y, Mr is the Banach space of all real-valued bounded functions <p on Y with(6) ||</>||jiij, = sup,,£r |<Ky)|-If 5 is any Banach space, My(B) is the Banach space of all bounded functions/on F with values in 73 where ||/||Afr(B) =sup"Gr ||/(y)|U-If T is any element of My*, it is possible to define U on MY(B) to 73** by letting U(f) be that point b of 73** such that b(/3) = X(j3/) for every ß in B*, where ßf is the element of Mr defined by ßf(y)=ß(J(y))-F01" each Ï in Mr* there is defined a unique, bounded, additive^) set function SF by the relation ^(E) = T(<j>E), where (¡>e is the charac- (4) it is possible to define Jfd^b for / in My(B) to be the element 6 of B** for which b(ß) =fßfd*ir for every ß in B*. All integrals used hereafter will be of thisnature (8) .
A set X is directed if there is a relation > ("follows") among some pairs of its points such that x>x' and x'>x" implies x>x" and such that each pair, x' and x", of points in X has a common successor, x in X; that is, x>x' and x>x".
If for each x in X, sx is a point of the topological space S, then s = limI sx if and only if for each neighborhood N oí s there is an Xn in X such that SzGA if x>x#.
Lemma 2. If X is a directed set, if for each x in X bxis a point in B** (B any Banach space), and if \\ bx\\ is ultimately bounded-that is, if there exist K>0 and xoElX such that || bi|| ikKif x >xo-then there is a ba in B** such that bo is in the weak* closure of {bx> \ x'>x} for every x in X; that is, for every e>0,ßi,
• • • ,ßk in B* and x in X there is an x' in X such that x'>x and \b0(ßi)-bX'(ßi)| <e fori = l, ■ ■ ■ , k.
For each x in X let Ex = { bX' \ x' >x} ; since X is directed, any finite number of the Ex have a point in common, so the sets Fx which are obtained by taking the weak* closure of Ex are weak* closed sets with non-empty finite intersections.
Since the sphere \\bx\\ ^K is weak* compact, by the condition for this in terms of closed sets some bo exists in all these Fx; the last clause in the lemma is merely a full statement of the fact that bo is in the weak* closure of every Ex.
2. The principal theorem. The terms next defined are the ones used in the statement of the theorem and not merely in its proof.
A set Y is called an Abelian semi-group if there is defined for each pair of elements y, y' in Fa sum y+y' in Fsuch that y+y' = y'+y, and such that y + iy'+y") = (y+y')+y"> that is, addition is commutative and associative.
If E is a subset of Y, then E-y is the set {y' | y'+y£7i}.
It is clear that if
{E} is any partition of Y into any number of disjoint sets, then {E-y} is also such a partition. Let X be a directed set and Y an Abelian semi-group ; for each x in X let S^z be a bounded, additive set function over Y. For each y in F and
Ei and E^ are disjoint subsets of Y. If * is bounded V^{Y) =sup2"Z»g*| *(E,)| ¿2K, where the "sup" is taken over all partitions of Y into a finite number of disjoint subsets E¡.
(7) The pertinent properties are these: (1) If <t>=2^,i£ka¡<f>Ei, /^d*=2^,át«i*(^»).
(2) If II*»-<¿>||aík-*0> then f<t>"dif-*f<j>d9. See Fichtenholz and Kantorovich [7] . definition of near invariance is stronger than the corresponding condition used by Alaoglu and Birkhoff [3] . Since this property is used only in this step of the proof of the theorem, it is easily seen that the property that must be required of the system {**} is that H/P^iull->0 for each b and y. This shows that the hypotheses on {**} can be weakened if some restriction is placed on the semi-group { 7""} ; for example, it is sufficient that *x"(.E) -»0 for each Ed Y provided that the semi-group {7"»} is so restricted that each/6 is integrable in the sense used in [3] . It seems to me that the extra restrictions are more properly placed on the system {*»} than on the semi-group { T" \ since the results are to a large extent independent of all but the existence of {**) and since (see Theorem 3) a nearly invariant system always exists. most of them do not directly involve X or {Sf'x} except in so far as the existence of the nearly invariant system {^x} was required to prove existence here. M is already defined in terms of the bounded Abelian semi-group {Ty\ and (5) defines t in M in terms of {Ty\ alone, so that M and t are the same no matter what X and \^x\ are used so long as the system {^x} is nearly invariant over F. This raises three questions: (A) If F is a given Abelian semi-group, is there a nearly invariant system }*x} for some A"? (B) Under what conditions on Fand {Ty\ does M = B? (C) If some natural choice of X and {^x} is suggested by the nature of F, is this system nearly invariant?
(A) can be completely answered (yes, for any X); (B) partially; (C) depends on the case in question and obviously has no general answer. This section contains the discussion of (A) and (B). By the near invariance of {^Fr}, there is an x0 such that the middle term is less than e/3 whenever x >x0 ; then by the fact that T is in the weak* closure of {Tx|x>Xo} the other two terms can be made less than e/3 by proper choice of x>xo, so ■&(E^y)=V(E) for all ECFandyGF.
Note that the full strength of near invariance is not used in this proof but only that ^"(Ti)->0 for every 7¿C F. Naturally if an invariant function ê xists, the system {^x} such that every iSrx=iSf for each x in X, is nearly invariant over F no matter what X is. This particular nearly invariant system will be used later. To complete the relation of these results to those of Alaoglu and Birkhoff requires some study of Problem (B).
Lemma 3. If fCMy(B)
and ^ is a bounded additive set function over Y, ffdty is in Y if P, the smallest closed linear subspace of B containing all the points \f(y) | y CY], is reflexive.
Each ß in B* defines a Wß in P* by irg(p)=ß(p)
for each p in P; then ffd^(ß) =fßfd^T =firäfd^i. Since the irß cover P* this defines a unique p in P** such that p(ir) =firfd<íf if xGi3*. Since P is reflexive there is a p in P such that *■(/>) =firfd* if jrGT**. Hence /3(£) =xs(p) =Jirgfd^=fßfd^; so ffdV = pEP CB. It is to be noticed that this is a great strengthening of Theorem 5 of [2] since, as is known, every uniformly convex space is reflexive, and since \\Ty\\ ^1 can be replaced by \\TV\\ ^K. On the other hand, that result can be proved with far less machinery.
Corollaries 3 and 7 together imply that if B is reflexive the set B" of common fixed points of any bounded Abelian semi-group { 7} of operators on B to B is the range of a projection operator r defined on all of B and ||t|| iïsup ||7||.
A trivial result is this:
If { Tv\ is any bounded Abelian semi-group of operators on B to B and if there is a y0 such that ||7"°|| <1, then B' = B\ in fact lim,, ||7"¡| =0 if y is directed by letting y>y' if there is a y" such that y=y"+y'.
For each e>0, there is an «such that ||(7!"))n|| <e/K, wherein is the bound of the norms of all 7", then || T"(T>">) "|| <e for every y or ||r»|| <e if y>ny0.
M. M. DAY [March In some cases a certain X and a nearly invariant system {^i} over F arise naturally. Under certain conditions on X the reflexivity condition of Corollary 7 can be weakened (at least formally). A directed set X has a countable cofinal subset if there is a countable subset X' of X such that each x in X is followed by some x'in X'. In this case bo = rb.
For such an X this sequential compactness condition assures that rb is in B ; that is, that b is in AÍ. Since norm convergence implies weak convergence this condition is satisfied if 6 CAÍ. Corollary 9. 7/P is a Banach space with sequentially weakly compact(n) unit sphere, if \TV\ is a bounded Abelian semi-group of operators on B to B, if X has a countable cofinal subset and if \^x} is a nearly invariant system such that Jfbd#xÇLB for each bin B, then M = B.
Since every reflexive space has a sequentially weakly compact unit sphere, this result is related to Corollary 7 ; since it is not known whether or not sequential weak compactness implies reflexivity, it is not known whether the hypotheses on X and {^x} are needed. (He has then to assume measurability for each /* in order to integrate.) rxb, then, is the arithmetic mean of fb over the cube x; that is, rxb = irnfxfb dm, where V is the length of edge of the cube x. X is ordered by the size of the cubes, that is, x>x' if the edges of x are longer than those of x'.
A more general result follows from a simple property of convex bodies with interior points in £". In what follows let Sa(y) be the closed sphere about y of radius a: as in any linear space if P, P'CPn let E+E' = \e + e' \ e in E and e' in E'\ and for any real a and ECZEn let aE= {ae \ e in p}. where y0G7i since y', y"CE, a/(r+a)+r/(r+a) = l, and a/(r+a)>0' r/(r+a)>0.
Hence 7£+SaC[(r+a)/r]£. For each bounded convex set E with interior points contained in En let r(E) be the least upper bound of the radii of the spheres contained in £.Then there will be at least one sphere of radius r(E) contained in E, the closure of E, since any bounded closed set in En is compact. By Lemma 3, this is small for r(x) large, independent of the decomposition of F into the sets P" so Vtyxy(Y)->-0 and this system {^x} is nearly invariant.
The set X' of cubes used by Dunford if ordered by edge length has the same ordering as if ordered by the radius of the largest sphere inside; so X' is a cofinal subset of this family X of convex sets of finite, nonzero measure; so linv rX'b exists for every b in M since lim, rxb exists for such b ; moreover if the functions/6 are all measurable, the rm> reduce-to Dunford's transformations and Theorem 5 offers a simple proof, without differentiation theorems, of Dunford's result.
Note that this X has a countable cofinal subset, in fact any sequence {x"} C^ such that r(xv)-->°° will do. Hence if the assumption is made that each Tyb is a measurable function, each TxbdB and Corollary 9 can be applied with proper choice of B.
For a second application (not considered anywhere in the literature so far as I know) take F to be the stack A whose elements are the finite subsets of some given set D of elements d where addition is, as in Corollary 1, ordinary point set addition. If B is a Banach space and { P5 | ô CA} is a bounded representation of A in the space of linear operators on B to B, TSTS=TS+S = Ts so every T* must be a projection; moreover Ts=Y[dGsTd for each 5CA. A is also a directed set if 6> 8' means ôDô'; for each SCA let ^j be defined over the subsets of Aby^ä(E) = l if ÔCP, ^s(E) =0 if 8&E. Then, as in Corollary 1, the system {^j} is nearly invariant over A. 
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